Anisotropic non-Gaussianity from vector field perturbations by Karciauskas, Mindaugas et al.
ar
X
iv
:0
81
2.
02
64
v2
  [
as
tro
-p
h]
  1
 M
ay
 20
09
Anisotropi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We suppose that a vetor eld perturbation auses part of the primordial urvature perturbation.
The non-Gaussianity parameter fNL is then, in general, statistially anisotropi. We alulate its
form and magnitude in the urvaton senario and in the end-of-ination senario. We show that
this anisotropy ould easily be observable.
I. INTRODUCTION
The primordial urvature perturbation ζ provides one of the few windows available to the early Universe, and is the
subjet of intense interest at present. It may be that ζ is pratially Gaussian. Then its Fourier omponents will have
pratially no orrelation, exept for the one required by the reality ondition. The latter is dened by the two-point
orrelator, speied by the spetrum Pζ(k) where k is the wavenumber. On osmologial sales, the observed CMB
anisotropy gives an almost sale-independent value Pζ ≃ (5× 10−5)2.
Aording to typial senarios for the generation of ζ, the priniple signal for non-Gaussianity would be the three
point orrelator, speied by the non-linearity parameter fNL. At present there is only an upper bound |fNL| . 100.
Over the next few years, the bound will go down to |fNL| . 5 or so if there is no detetion.
During ination, the vauum utuation of eah anonially normalized light salar eld beomes a lassial per-
turbation, with a nearly sale-independent and Gaussian spetrum. It is usually supposed that one or more of these
perturbations is responsible for the primordial urvature perturbation ζ. In this ase, ζ is statistially homogeneous
and isotropi, whih means that its orrelators are invariable under translations and rotations. Then Pζ(k) depends
only on the magnitude of a momentum (wave vetor) k, and fNL(k1, k2, k3) depends on the lengths of the sides of a
triangle.
Most of the proposals for generating ζ from the salar eld perturbations belong to one of two broad lasses,
whih are distinguished by their predition for fNL. If ζ is generated during single-eld ination one generally has
|fNL| . 10−2. More strongly, this bound applies to all single-eld models in the squeezed onguration k1 ≃ k2 ≫ k3.
If instead ζ is generated at or after the end of ination, fNL beomes almost sale-independent. In this ase the
predition for |fNL| is usually at least of order 1 and an be as big or bigger than the observational bound.
Under the assumption of statistial isotropy, the onstraints on fNL from urrent observation at the two-σ level are
[26℄
− 9 < f localNL < 111, − 151 < f equilNL < 253, (1)
where the label `loal' an be taken to mean the squeezed onguration k1 ≃ k2 ≪ k3 and the label `equil' an be
taken to mean the equilateral onguration k1 = k2 = k3. The rst result might be regarded as weak evidene for a
f localNL ≫ 1, whih if onrmed would rule out the generation of ζ during single-eld ination.
Reently, it has been suggested that the perturbation of some vetor eld may generate part or even all of the
urvature perturbation. Suh a thing is possible beause the vauum utuation of a vetor eld an generate an
almost sale-independent and Gaussian spetrum although the ondition for that to happen is rather speial (e.g. it
doesn't happen for a anonially normalized light vetor eld.) The ontribution to ζ from a vetor eld perturbation
is statistially homogeneous but not in general statistially isotropi. Then the spetrum may depend on the diretion
of k, and the bispetrum may depend on the orientation of the triangle of vetors (k1, k2, k3).
Observational bounds on to statistial anisotropy have not reeived muh attention, and are not mentioned in the
otherwise omprehensive analysis by the WMAP team [26℄. As far as we know, the only available result [27℄ onerns
the spetrum. It is parametrized in the form
Pζ(k) =
[
1 + g(dˆ · kˆ)2
]
Pζ iso(k), (2)
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2where k = |k| and the hats denote unit vetors. After taking aount of all possible unertainties, the onlusion from
this study is g . 0.31 or so. We will adopt a bound g . 0.1 for deniteness.
Using the δN formalism [1, 2, 3, 4℄, one an write general formulas for the ontribution of a vetor eld perturbation
to the spetrum and the bispetrum. They were evaluated in Ref. [11℄ for the ase that ζ is generated at the end of
ination, and in Ref. [5℄ for the ase that ζ is generated by the urvaton mehanism. (Vetor eld ination was also
onsidered in Ref. [5℄ but we shall not onsider it here.) It was found that the ontribution to Pζ spetrum is of the
form shown in Eq. (2). An analogous form for the ontribution to fNL is to obtained in this work. These are the
tree-level ontributions. The 1-loop ontribution to Pζ is given in Ref. [5℄ but the 1-loop ontribution to fNL is not
known at the time of writing.
From the formula for Pζ , one sees that its statistial anisotropy ould easily be as big or bigger than the observational
bound. The purpose of this paper is to onsider also fNL. We want to know if a vetor eld ontribution to fNL ould
be big enough to observe, bearing in mind that its ontribution to Pζ should respet the observational bound. We
answer this question in the armative, and give expliit formulas for the dependene of fNL on the orientation of the
triangle.
II. fNL INCLUDING VECTOR PERTURBATIONS
The evolution of the urvature perturbation ζ on superhorizon sales is most readily desribed using a separate
universe approah [1, 2, 3, 4℄. In a reent paper [5℄ the formalism was extended to take into aount the possible
statistial anisotropy in ζ, where it was shown that one one inludes perturbations of the vetor eld, the resulting
urvature perturbation an be alulated up to quadrati terms using the following equation
ζ (x) = Nφδφ+N
A
i δAi +
1
2
Nφφ (δφ)
2
+
1
2
NAφiδφδAi +
1
2
NAij δAiδAj , (3)
where N is the number of e-folds of expansion of the unperturbed universe, the lower ase roman letters denote spatial
indies and Einstein summation over those indies is assumed. The derivatives of N with respet to the elds are
denoted as
Nφ ≡ ∂N
∂φ
, NAi ≡
∂N
∂Ai
, Nφφ ≡ ∂
2N
∂φ2
, NAφi ≡
∂2N
∂φ∂Ai
, and NAij ≡
∂2N
∂Ai∂Aj
. (4)
To obtain Eq.(3) it was assumed that the anisotropy of the expansion of the Universe is negligible. Even for the
vetor elds having a onsiderable ontribution to the urvature perturbation the isotropi expansion of the Universe
an be ahieved at least in several ways, for example with the osillating massive vetor eld [6, 7, 8℄, using a triad
of orthogonal vetors [9℄, a large number of idential randomly oriented vetor elds [10℄ or if the ontribution of the
vetor eld(s) to the total energy density is negligible [11℄. However, in general perturbations generated by vetor
elds will indue statistial anisotropy in ζ. In Eq.(3) we assume only a single salar eld φ and a single vetor
eld Aµ.
We dene the power spetrum and the bispetrum through the Fourier modes of ζ as:
〈ζ (k1) , ζ (k2)〉 ≡ (2π)3 δ(3) (k1 + k2) 2π
2
k3
Pζ (k1) , (5)
〈ζ (k1) ζ (k2) ζ (k3)〉 ≡ (2π)3 δ(3) (k1 + k2 + k3)Bζ (k1,k2,k3) , (6)
where normalization of Fourier omponents is hosen to be suh that
ζ (k) ≡
∫
ζ (x) e−ik·xdx. (7)
Note that the power spetrum and the bispetrum are dependent on the diretion of k. The bispetrum Bζ (k1,k2,k3)
an be further separated into three parts: one due to perturbations in the salar eld, another part due to the vetor
eld and a mixed term:
Bφ (k1,k2,k3) ≡ N2φNφφ
[
4π4
k31k
3
2
Pφ (k1)Pφ (k2) + c.p.
]
,
BφA (k1,k2,k3) ≡ −1
2
NφN
A
φ,i
[
4π4
k31k
3
2
Pφ (k1)Mi (k2) + 5 perm.
]
, (8)
BA (k1,k2,k3) ≡ 4π
4
k31k
3
2
Mi (k1)NAijMj (k2) + c.p.,
3where .p stands for yli permutations and k1, k2, k3 are the moduli of the vetors k1, k2 and k3.
The power spetrum Pφ (k) in the above equations depends only on the modulus of k beause we assumed that the
expansion during ination is isotropi. The vetor Mi (k) haraterizes perturbations of the vetor eld:
M (k) ≡ P+ (k)NA
[
Nˆ
A + p(k)kˆ
(
kˆ · NˆA
)
+ iq(k) kˆ× NˆA
]
. (9)
In this expression NA is the modulus of the vetor N
A
, Nˆ
A
and kˆ are unit vetors dened by Nˆ
A ≡ NA/NA and
kˆ = k/k. The power spetrum for the longitudinal omponent is denoted by P0 (k) while P+ (k) and P− (k) are the
parity onserving and violating power spetra dened by
P± ≡ 1
2
(PR ± PL), (10)
with PR(k) and PL(k) denoting the power spetra for the transverse omponents with right-handed and left-handed
polarizations. Also we have dened p(k) and q(k) as
p ≡ P0 − P+P+ and q ≡
P−
P+ . (11)
Beause of the isotropi expansion during ination the power spetra P0 and P± depend only on the modulus of k.
The urvature perturbation power spetrum Pζ (k) may be separated into isotropi and anisotropi parts [12℄:
Pζ (k) = P isoζ (k)
[
1 + g (k)
(
Nˆ
A · kˆ
)2]
, (12)
where the amount of anisotropy at eah sale is parametrized by
g ≡ N2A
P0 − P+
P isoζ
. (13)
The isotropi part of the spetrum is
P isoζ ≡ N2φPφ +N2AP+. (14)
In this paper we will alulate fNL for both ongurations: equilateral, in whih k1 = k2 = k3, and squeezed, in
whih k1 ≃ k2 ≫ k3. In the equilateral onguration the bispetra from Eqs. (8) beome
Bequilφ (k1,k2,k3) = 3N2φNφφP2φ (k1) ,
BequilAφ (k1,k2,k3) = −NφNAφ,iPφ (k1) [Mi (k1) +Mi (k2) +Mi (k3)] , (15)
BequilA (k1,k2,k3) = Mi (k1)NAijMj (k2) + c.p.,
where we have dened for the equilateral onguration
Bequilζ (k1,k2,k3) ≡
(
k31
2π2
)2
Bequilζ (k1,k2,k3) , (16)
and Bequilζ = Bequilφ + BequilAφ + BequilA . In this ase the non-linearity parameter f equilNL is expressed through the power
spetrum and the bispetrum as:
6
5
f equilNL =
Bequilζ (k1,k2,k3)
3P isoζ (k)2
. (17)
Observations give a limit on the anisotropy g . 0.1 [27℄. Therefore, sine the anisotropi ontribution to the urvature
perturbation is subdominant ompared to the isotropi one, we have inluded only P isoζ into the above expression
of f equilNL .
For the squeezed onguration two of the vetors have almost idential lengths but opposite diretions, k1 ≃ −k2,
but the third vetor k3 is of muh smaller modulus than the other two and almost perpendiular to them. For this
onguration Eqs. (8) take the form
Blocalφ (k1,k2,k3) = 2N2φNφφPφ (k1)Pφ (k3) ,
BlocalAφ (k1,k2,k3) = −NφNAφ,i{Pφ (k1)Mi (k3) + Pφ (k3)Re [Mi (k1)]}, (18)
BlocalA (k1,k2,k3) = 2Re [Mi (k1)] NAij Re [Mj (k3)] ,
4where Re [. . .] means the real part and Blocalζ (k1,k2,k3) is dened similarly to Eq. (16)
Blocalζ (k1,k2,k3) ≡
k31k
3
3
4π4
Blocalζ (k1,k2,k3) . (19)
Then, the nonlinearity parameter f localNL in the squeezed onguration beomes
6
5
f localNL =
Blocalζ (k1,k2,k3)
2P isoζ (k1)P isoζ (k3)
. (20)
Having dened our notation, in the following setions we will onsider two partiular examples. But before that,
we wish to point out an important subtlety onerning the vetor eld Aµ. By Ai we refer to the spatial omponents
of the physial vetor eld Ai = Bi/a, where a is the sale fator in FRW universe. The eld Bi, whih enters the
Lagrangian, is the omoving vetor eld with the expansion of the universe fatored out. In FRW spaetime the
temporal omponents of the physial and omoving elds are the same, A0 = B0 [6, 7℄.
III. ANISOTROPY IN THE VECTOR CURVATON MODEL
In this setion we study the non-Gaussianity in the urvature perturbation for a model of slow roll ination
with an additional U (1) vetor eld whih deays some time after reheating and ontributes to the total urvature
perturbation following the urvaton mehanism [14℄. For this ontribution to be non-negligible, the vetor eld must
undergo partile prodution during ination and obtain a superhorizon spetrum of perturbations. But the massless
U (1) eld is onformally invariant and, onsequently, its quantum utuations are not amplied during ination.
This means that in order for suh a vetor eld to undergo partile prodution we have to brake its onformality [15℄.
Another problem is that a dominant homogeneous (homogenized by ination) vetor eld ould make the expansion
of the Universe strongly anisotropi, whih is in ontradition with observations.
One way out of this problem an be the urvaton mehanism [14, 16, 17℄. The usual urvaton senario inorporates
two salar elds: one that drives ination and another one, alled urvaton, whih produes the urvature perturbation.
During ination the urvaton is subdominant. However, after reheating the universe is radiation dominated and its
energy density is diluted as ρr ∝ a−4. If the energy density of the urvaton eld dereases slower than a−4, at some
moment it an dominate (or nearly dominate) the Universe and impose its own urvature perturbation. This is the
basi idea of the urvaton mehanism.
Here we onsider a massive vetor eld ating as the urvaton. Before dominating the vetor urvaton eld is rapidly
osillating in a quasi-harmoni manner. As shown in Ref. [6℄, the osillating vetor eld behaves as a pressureless
isotropi uid and an dominate without generating a large-sale anisotropy.
A. The generi treatment
Here we obtain analyti expressions for the non-linearity parameter fNL without assuming a spei vetor urvaton
model. In ontrast to the original urvaton idea we inlude as well perturbations generated during ination by the
light salar eld (for a similar study in the salar urvaton ase see Refs. [18, 19℄).
When some time after reheating the mass of the vetor eld beomes bigger than the Hubble parameter, the eld
starts to osillate. In Ref. [5℄ it was shown that for osillating vetor eld NAi and N
A
ij are equal to
NAi =
2
3
r
Ai
A2
, (21)
NAij =
2
3
r
δij
A2
, (22)
where A ≡ |A| is evaluated just before the vetor eld deays and the parameter r is dened as
r ≡ 3ρA
3ρA + 4ρr
=
3ΩA
4− ΩA (23)
5with ρA being the energy density of the vetor eld just before its deay (taken to be sudden), ΩA ≡ ρA/ρ and
ρ = ρA + ρr. Using Eq. (21) the isotropi part of the total power spetrum in Eq.(14) beomes
P isoζ = N2φPφ
(
1 + β
P+
Pφ
)
, (24)
where we dened
β ≡
(
NA
Nφ
)2
. (25)
Then the vetor part of the bispetrum for equilateral onguration in Eq.(15) redues to
BequilA (k1,k2,k3) =
(
2
3
r
A
)3
1
A
P+ (k1)P+ (k2)
{
1 + p (k1)A
2
1 + p (k2)A
2
2 +A1A2
[
q (k1) q (k2)− 1
2
p (k1) p (k2)
]
+
+i
√
3
4
− (A21 +A1A2 +A22) [A1p (k1) q (k2)−A2p (k2) q (k1)] +
1
2
q (k1) q (k2)
}
+ c.p. (26)
In the above we used the notation A1 ≡ Aˆ · kˆ1 et., where Aˆ = A/A. Beause the onguration of wavevetors kˆ1,
kˆ2 and kˆ3 is equilateral, with the angle between any two of them being 2π/3, we nd kˆ1 · kˆ2 = kˆ1 · kˆ3 = kˆ2 · kˆ3 = − 12 .
Eq.(26) simplies further if we onsider a sale invariant power spetrum and the expression for f equilNL beomes:
6
5
f equilNL = β
2P2+
3
2r
(
1 + 12q
2
)
+
[
p+ 18
(
p2 − 2q2)]A2⊥
(Pφ + β P+)2
, (27)
where we have taken into aount that the non-Gaussianity generated during the single eld ination is negligible.
The quantity A⊥ ≤ 1 is the modulus of the projetion of the unit vetor Aˆ onto the plane ontaining the three vetors
kˆ1, kˆ2 and kˆ3. The alulation of A⊥ in the equilateral onguration is explained in more detail in the Appendix.
For the squeezed onguration the bispetrum from the vetor eld perturbation in Eqs. (18) beomes
BlocalA (k1,k2,k3) = 2
(
2
3
r
A
)3
1
A
P+ (k1)P+ (k3)
[
1 + p (k1)A
2
1 + p (k3)A
2
3
]
. (28)
Working as in the equilateral ase, we nd that the non-linearity parameter for the sale invariant power spetra is
6
5
f localNL = β
2P2+
3
2r
1 + pA2⊥
(Pφ + β P+)2
. (29)
In this equation ϕ is the angle between the vetors k1 and A⊥.
As one an see from the above equations, fNL is, in general, dependent on A⊥, in both ongurations. This means
that fNL is anisotropi and that the amount of non-Gaussianity is orrelated with the statistial anisotropy. However,
from Eqs. (10), (11) and (13) it is lear that, if partile prodution is isotropi (i.e. P0 = P+ and P− = 0) then
p = q = 0 and the above expressions for f equilNL and f
local
NL beome isotropi too and both redue to fNL = 5/4r as
in the salar urvaton senario, where we have assumed that Pφ ≪ P+, i.e. that the dominant ontribution to the
urvature perturbation is due to the vetor urvaton eld only.
B. fNL for non-minimally oupled vetor urvaton
In Ref. [6℄ it was shown that a vetor eld an attain a sale invariant perturbation spetrum if it's mass during
ination is equal to m2 = −2H2. One way to ahieve a negative mass squared of this magnitude is to introdue a
non-minimal oupling of the vetor eld to gravity of the form
1
6RB
µBµ, where R is the Rii salar. The idea of
suh a non-minimally oupled vetor urvaton was introdued in Ref. [8℄. In that paper and in Ref. [5℄ it was shown
that the power spetra for dierent polarizations are
P+ =
(
H
2π
)2
, P− = 0 and P0 = 2
(
H
2π
)2
. (30)
6One noties that the parity onserving transverse power spetrum and the power spetrum generated during the
single salar eld ination are equal, i.e. P+ = Pφ. Thus the isotropi part of the urvature perturbation spetrum
an be written as
P isoζ = PφN2φ (1 + β) . (31)
While the anisotropy parameter from Eq.(13) beomes
g =
β
1 + β
. (32)
Using Eq.(30) we nd
p = 1 and q = 0. (33)
Thus, the anisotropy in the vetor eld is rather strong, whih means that it will have to remain subdominant, i.e.
ΩA ≪ 1. Using this and Eq. (27), the f equilNL for the non-minimally oupled vetor urvaton is found to be
6
5
f equilNL =
β2
4ΩA
(
8 + 9A2⊥
)
. (34)
Similarly, f localNL for the squeezed onguration in Eq. (29) is
6
5
f localNL = 2
β2
ΩA
(
1 +A2⊥
)
(35)
Sine P+ = 12P0 = Pφ =
(
H
2pi
)2
, for the typial values of the perturbations we have δφ ∼ δAi ∼ H. This means that,
in order for the vetor eld ontribution to be subdominant, we require NA ≪ Nφ (.f. Eq. (3)). Hene, β ≪ 1 and
g ≃ β. Thus, in view of Eqs. (34) and (35), we see that fNL ∼ g2/ΩA. Therefore, we nd that the non-Gaussianity is
determined by the magnitude of the statistial anisotropy.
This predition is valid in the regime |δA/A| ≪ 1 whih orresponds to Ω2A & Pζβ, whih implies fNL . g3/2/
√Pζ .
For smaller ΩA, the ontribution of the vetor eld perturbation to ζ is of order ΩA[δA/(δA2)
1/2]. In other words, it
is of order ΩA and is the square of a Gaussian quantity. The resulting predition for its ontribution to fNL would be
given by a 1-loop formula whih has not been evaluated at the time of writing.
IV. ANISOTROPY GENERATED AT THE END OF INFLATION
As another example, we onsider the generation of an anisotropi power spetrum at the end of ination. The idea
is based on Ref. [21℄ where it was shown that in hybrid ination models the generation of urvature perturbations an
be realized due to inhomogeneous end of ination. Yokoyama and Soda [11℄ used this idea to generate the anisotropi
ontribution to the total urvature perturbations. In their model the anisotropy is generated at the end of ination
due to the vetor eld oupling with the waterfall eld. In this setion we alulate the non-Gaussianity of the model
in Ref. [11℄ using our notation in setion II.
In this model there are two omponents of the urvature perturbation: one generated during ination and an
anisotropi one, generated by a vetor eld at the end of ination:
ζ = ζinf + ζend. (36)
The rst omponent is due to the perturbation generated during ination. The seond omponent is due to the
perturbation of the vetor eld. Ref. [11℄ onsiders a massless, U (1) vetor eld. Without parity violating terms the
power spetra for left handed and right handed polarizations are equal, while the longitudinal polarization is absent
for a massless eld. In this situation we nd that parameters p (k) and q (k) from Eq.(11) beome
p = −1 and q = 0. (37)
The onformal invariane of the U (1) vetor eld is broken through a non-anonial kineti funtion of the form
f2 (t)FµνF
µν
, where Fµν = ∂µBν − ∂νB is the eld strength tensor and Bµ - omoving vetor eld. This form of
7onformal invariane braking was onsidered in many papers (e.g. Refs. [7, 22, 23, 24, 25℄) where it was found that a
sale invariant perturbation spetrum is obtained if f ∝ a:
P+ =
(
H
2πf
)2
= Pφf−2. (38)
So the isotropi part in Eq.(14) of the power spetrum beomes
P isoζ = PφN2φ (1 + β) . (39)
This is of the same form as with the vetor urvaton model but with dierent β:
β =
(
NA
Nφf
)2
. (40)
The anisotropy parameter in Eq.(13) in this model beomes
g = − β
1 + β
. (41)
Taking into aount Eq.(37), the vetor Mi (k) in Eq.(9) redues to the simple form
M (k) = NAPφf−2
[
Nˆ
A − kˆ
(
Nˆ
A · kˆ
)]
. (42)
To alulate fNL we onsider a spei example of hybrid ination with the potential
V (φ, χ,Bµ) = V0 +
1
2
m2φφ
2 − 1
2
m2χχ
2 +
1
4
λχ4 +
1
2
λφφ
2χ2 +
1
2
λAχ
2BµBµ, (43)
where φ is the inaton and χ is the waterfall eld. The eetive mass of the waterfall eld for this potential is
m2eff = −m2χ + λφφ2 − λAAiAi, (44)
where Einstein summation is assumed and we used Ai ≡ Bi/a and the Coulomb gauge in whih A0 = 0 and ∂iAi = 0.
Ination ends when the inaton reahes a ritial value φc where the eetive mass of the waterfall eld beomes
tahyoni. But one an see from Eq.(44) that the ritial value is a funtion of the vetor eld φc = φc (A). With this
in mind the vetors NAi and N
A
ij an be readily alulated:
NAi =
∂N
∂φc
∂φc
∂Ai
= Nc
λA
λφ
Ai
φc
, (45)
and
NAij =
∂N
∂φc
∂2φc
∂Ai∂Aj
+
∂2N
∂φ2c
∂φc
∂Ai
∂φc
∂Aj
=
N2A
φcNc
(
C2δij − AˆiAˆj
)
, (46)
where we have dened
Nc =
∂N
∂φc
and C ≡
√
λφ
λA
φc
A
, (47)
where A is evaluated at the end of ination and we used the fat that Ncc/N
2
c ∼ Nφφ/N2φ ∼ O (ǫ) under the slow
roll approximation [21℄, where ǫ is the slow roll parameter dened as ǫ ≡ 12M2P (V ′/V )
2
, with the prime denoting
derivatives with respet to the inaton. As mentioned earlier the total of perturbations onsists of two omponents:
perturbations of the salar and vetor elds. This gives the following bispetrum in the equilateral onguration
Bequilζ (k1,k2,k3) = Bequilφ (k1,k2,k3) + BequilA (k1,k2,k3) =
= 3P2φN2φNφφ +
[Mi (k1)NAijMj (k2) + c.p.] =
= P2φN4φ
δ2
Ncφc
3
[(
C2 − 1)− (7
8
C2 − 1
)
A2⊥ −
3
16
A4⊥
]
. (48)
8The mixed term BequilφA is absent from Eq.(48) beause in this model NAφi = 0. By inserting Eq.(39) into (48) we obtain
6
5
f equilNL = ηg
2
[(
C2 − 1)− (7
8
C2 − 1
)
A2⊥ −
3
16
A4⊥
]
, (49)
where the slow parameter η is equal to η = m2φM
2
P/V0 and MPNc = 1/
√
2ǫc, with ǫc being the slow roll parameter at
the end of ination. Similarly, for the squeezed onguration we nd
6
5
f localNL = ηg
2
[(
C2 − 1) (1− A2⊥)− 14(sinϕ)2A4⊥
]
. (50)
Again, we nd that f equilNL and f
local
NL are funtions of A⊥, i.e. they are anisotropi and orrelated with the statistial
anisotropy. Also the level of non-Gaussianity is proportional to the anisotropy parameter squared, fNL ∝ g2, as in
the non-minimally oupled vetor urvaton model.
V. DISCUSSION
In this paper we have alulated the amount of the non-Gaussianity generated by the anisotropi part of the
urvature perturbation. We have also onsidered two spei models to generate the anisotropi urvature perturbation
from the vetor elds and alulated the non-Gaussianity in detail for those models. The results were given for the
equilateral and squeezed ongurations in Eqs. (34) and (35) for the model of non-minimally oupled vetor urvaton
and in Eqs. (49), (50) for the end-of-ination senario. We have shown that fNL generated by the vetor eld is
anisotropi and that it is orrelated with the amount and diretion of the statistial anisotropy.
Although in some spei models it would be possible to generate the statistially isotropi urvature perturbation
only from the vetor eld, however, in general, perturbations generated by the vetor eld are anisotropi. From
observations the bound on statistially anisotropi ontribution to the total power spetrum is onstrained to be less
than about 10%. In this ase one an estimate the maximal fNL aused by the statistially anisotropi urvature
perturbation on fairly general grounds.
Let us assume that the non-Gaussianity is produed solely due to the vetor eld perturbations. If this is so
then Eqs. (17) and (20) suggest fNL ∼ Bζ/P2ζ , where we onsider that the anisotropi ontribution to the urvature
perturbation is subdominant, i.e. Pζ ≃ P isoζ . Aording to Eqs. (16) and (19) we have Bζ ∼M2NAA, whereM≡ |M|
and NAA ≡ ||NAij ||. Thus, we have fNL ∼M2NAA/P2ζ .
Now, M depends on the mehanism whih breaks the onformality of the vetor eld and is responsible for the
generation of its superhorizon perturbation spetrum. If this mehanism does not introdue additional mass sales,
then, on dimensional grounds, we expet the anisotropy in the vetor eld perturbation to be of order unity, i.e.
|p|, |q| ∼ O(1), barring anellations suh as due to parity invariane (whih results in q = 0) or an isotropi partile
prodution, whih gives p = q = 0 and generates no statistial anisotropy. In our examples in Ses. III and IV we indeed
analysed suh a situation, where the eetive mass-squared of the vetor eld during ination m2 = 16R = −2H2 or
the time dependene of the kineti funtion f˙/f = H were both determined by the dynamis of the expansion and
given by H , the only sale in the theory. If the anisotropy in the vetor eld perturbation is of order unity, then
Eq. (9) gives M∼ PANA, where PA = 2P+ + P0 is the power spetrum of the total vetor eld perturbation given
by PA = k32pi2
∑
i |δAi|2 in the superhorizon limit. Putting the above together we obtain
fNL ∼ BζP2ζ
∼ M
2NAA
P2ζ
∼ P
2
AN
2
ANAA
P2ζ
. (51)
Sine we are working in the regime where |δA/A| ≪ 1 we expet the higher order ontribution to ζ in Eq. (3)
from the vetor eld to be subdominant, i.e. NAδA > NAAδA
2
. Considering that the typial value of the vetor eld
perturbation is δA ∼ √PA, we obtain the bound fNL < (P1/2A NA)3/P2ζ . As evident from Eq. (3), the ontribution of
the vetor eld to ζ is given by ζA ∼
√PζA ∼ NA√PA, where PζA is the power spetrum of the anisotropi urvature
perturbation. With this in mind, the upper bound to fNL beomes
fNLP1/2ζ <
(PζA
Pζ
)3/2
. (52)
Beause the vetor eld ontribution to the total urvature perturbation must be subdominant, Eq. (12) suggests that
the anisotropy of the urvature perturbation is g ∼ PζA/Pζ . Using this and also that Pζ ≈ 5× 10−5, we nd that the
9maximum value of fNL generated by the statistially anisotropi ontribution to the urvature perturbation has to be
fmaxNL ∼ 103
( g
0.1
)3/2
. (53)
Our results in Eqs. (34), (35), (49) and (50) apply if fNL is below this value.
VI. CONCLUSIONS
It is lear that the study of vetor eld ontributions to the primordial urvature perturbation is just beginning.
Given a sale invariant and Gaussian vetor eld perturbation, the alulation of ζ from the δN formalism is straight-
forward and should now be done for the full range of senarios that have already been explored for the ontribution of
salar eld perturbations. Also, the Feynman graph formalism available for the salar eld ase should be generalized
to over the vetor eld ontributions. At a deeper level, one also wishes to understand how the sale invariant
perturbation an be generated. One would also like a fuller understanding of the generation of perturbations from
the vauum utuation when the expansion of the unperturbed Universe is anisotropi, sine that an easily happen
in the presene of vetor elds.
For the moment though, it is most urgent to onfront spei preditions for the form of the anisotropy with
observation. Speially, we want to know what onstraint is plaed by observation on a ontribution to fNL of the
form in Eqs. (34), (35) or Eqs. (49), (50). It seems quite possible that with the latter predition, valid for the squeezed
onguration, one might nd a nonzero value at better than the 2-σ level that is already found for the isotropi ase.
Suh a nding, if onrmed, would be a smoking gun for a vetor eld ontribution to the urvature perturbation.
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APPENDIX
CALCULATION OF A⊥ IN THE EQUILATERAL CONFIGURATION
First note that in the equilateral onguration kˆ1 + kˆ2 = −kˆ3. This gives A1 +A2 = −A3 and
A21 +A
2
2 +A
2
3 = 2
(
A21 +A1A2 +A
2
2
)
;
A1A2 +A2A3 +A3A1 = −
(
A21 +A1A2 +A
2
2
)
;
A21A
2
2 +A
2
2A
2
3 +A
2
3A
2
1 =
(
A21 +A1A2 +A
2
2
)2
.
(54)
Let us dene a vetor A⊥ whih is the projetion of Aˆ to the plane ontaining vetors kˆ1, kˆ2 and kˆ3. Then the salar
produt of these vetors and Aˆ is the same as the produt with A⊥:
Aˆ · kˆa = A⊥ · kˆa, (55)
where a = 1, 2, 3.
Without loss of generality we an assume that the angle between A⊥ and kˆ1 is ϕ:
A1 ≡ Aˆ · kˆ1 = A⊥ · kˆ1 = A⊥ cosϕ, (56)
where A⊥ = |A⊥|. In equilateral onguration the angle between vetors kˆ1 and kˆ2 is 2π/3, and A2 beomes
A2 ≡ A⊥ · kˆ2 = A⊥ cos
(
ϕ+
2π
3
)
= −A⊥
(
1
2
cosϕ+
√
3
2
sinϕ
)
. (57)
From the last two equations we get
A21 +A1A2 +A
2
2 =
3
4
A2⊥. (58)
Putting this result bak into Eq.(54) we nd
A21 +A
2
2 +A
2
3 =
3
2A
2
⊥;
A1A2 +A2A3 +A3A1 = − 34A2⊥;
A21A
2
2 +A
2
2A
2
3 +A
2
3A
2
1 =
9
16A
4
⊥.
(59)
